Injection of either carbon dioxide (CO 2 ) or nitrogen (N 2 ) can serve as an effective method for enhanced recovery of coalbed methane. In this paper, we provide new analytical solutions for flow of ternary gas mixtures. The adsorption/desorption of the components to/from the coalbed surface is approximated by an extended Langmuir isotherm, and the gas phase behavior is predicted by the Peng-Robinson EOS. Langmuir isotherm coefficients are used that represent a moist Fruitland coal sample from the San Juan Basin of Colorado. In these calculations, mobile liquid is not considered. Given constant initial and injection compositions, a self-similar solution that consists of continuous waves and shocks is found. Mixtures of CH 4 , CO 2 , and N 2 are used to represent coalbed and injection gases. We provide examples for systems in which the initial gas has a high CH 4 content, and binary mixtures of CO 2 and N 2 are injected. Injection of N 2 -CO 2 mixtures rich in N 2 leads to relatively fast initial recovery of CH 4 . Injection of mixtures rich in CO 2 gives slower initial recovery, increases breakthrough time and decreases the injectant needed to sweep out the coalbed. The solutions presented indicate that a coalbed can be used to separate N 2 and CO 2 chromatographically at the same time CBM is recovered.
Introduction
Coalbeds have large internal surface area and strong affinity for certain gas species such as CH 4 and CO 2 . In coalbed methane (CBM) reservoirs, most of the total gas exists in an adsorbed state at liquid-like density. Only a small amount of the total gas is in a free gas phase. Primary recovery using depressurization techniques induces desorption of the CBM by lowering the overall pressure of the reservoir. On the other hand, enhanced recovery of coalbed methane (ECBM) by injecting a second gas maintains overall reservoir pressure, while lowering the partial pressure of the CBM in the free gas. Injected gas also sweeps the desorbed gas through the CBM reservoir. Nitrogen is a natural choice as an injection gas because of its availability. Carbon dioxide, on the other hand, is also promising because of the additional benefit of greenhouse gas sequestration. When combusted, methane emits the least amount of CO 2 per unit of energy released among all the fossil fuels. Therefore, synergy exists between CO 2 sequestration and production of methane that leads to greater utilization of coalbed resources for both their sequestration ability and energy content. The first application of ECBM by CO 2 injection has been carried out in the San Juan Basin, and proved to be technically and economically feasible 1 .
One important aspect of ECBM is the adsorption and desorption behavior of gas mixtures on coalbeds. A significant amount of work has been invested on this issue as it is related to coal mine safety [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . However, transport of the desorbed gas through coalbeds has not been examined in detail. Arri et al. 12 studied the primary recovery of a single sorbing component and ECBM by nitrogen injection. In this paper, we extend the analysis to consider systems with three components. Besides CH 4 , coalbeds may contain significant amounts of CO 2 , N 2 and other gas species. An average coal-bed gas is composed of approximately 93 percent CH 4 , 3 percent CO 2 , 3 percent wet gases, and 1 percent N 2 13 . Further, when flue gas, a primary source of greenhouse gases, is used for ECBM and CO 2 sequestration purposes, the injection gas may contain more than two components. The exact composition of the flue gas depends on the combustion temperature and percentage excess air at different levels of moisture content in the fuel 14 . In this study, we focus on the interaction of CH 4 , N 2 and CO 2 .
We solve the flow problem analytically using the method of characteristics. Similar approaches have been used for related problems. Rhee et al. chromatography with Langmuir isotherms, and to systems with more than two components. Helfferich et al. 16 investigated a similar problem from a different standpoint. A set of rules for coherent waves was developed based on qualitative features of frontal displacement. The topology of the wave pattern was laid out in distance and time and constructed in a step-by-step fashion.
The analyses of Rhee et al. 15 and Helfferich et al. 16 can be extended to the adsorption, desorption, and transport of CBM gases during the ECBM process with gas injection. Dindoruk 17 considered the coupling of equilibrium phase behavior of multicomponent mixture with multiphase fluid flow through porous media using the method of characteristic approach, a problem that originates from enhanced oil recovery by gas injection. The analysis included the effect of volume change upon mixing and complex phase behavior through equation of state. In the model considered here for ECBM, we adopt the analysis of Dindoruk 17 of systems with volume change on mixing to solve for flow with adsorption and desorption behavior. The variation of the flowing gas properties with composition is described by the Peng-Robinson equation of state 18 . In addition, the volume change that occurs when components adsorb and desorb is represented here in a simple way. The following assumptions were made:
• Flow occurs in one-dimensional space.
• The adsorption and desorption of gas mixtures in coal can be modeled with the extended Langmuir isotherm 19 .
• Adsorption and desorption are reversible.
• Adsorbed gases occupy negligible volume on coalbed surfaces.
• Any water phase present is immobile as might occur after the coalbed is produced by a primary method. Thus the problem here is strictly single-phase.
• The temperature remains constant.
• For the purpose of calculation of adsorption and gas density, the pressure is assumed to be constant.
• The porosity and permeability of the coalbed are assumed to be constant and uniformly distributed.
• Frontal advance is rapid enough that diffusion and dispersion along the axial direction can be neglected.
• The effects of gravity are negligible.
In the following sections, we describe the extended Langmuir isotherm, establish a mathematical model based on material balances, and discuss the solution procedure for systems with up to three components. The analytical solution method is then applied to several examples, where we study the effect of injection gas composition on CBM recovery and CO 2 storage.
Extended Langmuir Isotherm
Markham et al. 19 provided an extended Langmuir isotherm for a multicomponent mixture. It describes the fractional surface coverage of individual components, Θ i , as
where B i is a Langmuir constant at given temperature, and p i is the partial pressure of component i that is approximated by ideal gas relation as
where z i is the mole fraction of species i. Hence, the molar concentration of the adsorbed components, a i , depends only on the molar composition of the free gas phase according to
where ρ r is the density of the coalbed, ρ i is the molar density of component i at standard condition, and V mi is a Langmuir constant for component i at given temperature.
Mathematical basis
To formulate the problem, we consider a system with n c arbitrary components and a single gaseous phase. The material balance for component i in a one-dimensional model has the following form
where C i is the overall molar concentration of component i, including free and adsorbed species, and F i is the molar flux of component i. The dimensionless distance, ξ, and the dimensionless time, τ, are related to distance and time variables, x and t, as
where L is the characteristic length of the 1D model, A is the cross-sectional area of the 1D model, q is the volumetric flow rate, and φ is the porosity of the coalbed matrix.
The concentration and flux are described as
where z i is the molar composition of component i in the free gas, ρ is the molar density of the free gas phase, and φ is the porosity of the coalbed, u is the local flow velocity of the free gas phase. We consider also the changes in molar density of the free gases in the pore space that result from the mixing of the injected gases and coalbed gases and from the adsorption and desorption of the gases at coalbed surfaces. The local flow velocity of the free gas, therefore, is no longer constant, and must be found as part of solving the flow problem.
The initial and boundary conditions are
( )
where the superscript "inj" refers to injected, and "ini" refers to initial.
Equations (9) and (10) state that the initial concentration profile is uniform and the inlet is subject to a step change in concentration and velocity at time zero.
The material balances, together with the constant initial and injection conditions, specify a Riemann problem. The overall molar concentration of an individual component is a sum of the free gas phase and adsorbed surface concentrations. Only the components in the free gas phase can be transported by convection. The molar density of the free gas phase is computed from an equation of state (EOS) once its molar composition is known. For all examples in this paper, the Peng-Robinson EOS was used. When the molar composition of the free gas phase varies, its molar density also changes. Hence, the local flow velocity u is variable and must be found as part of the solution. For a system with n c components, there are n c independent material balance equations. The n c independent variables are the n c -1 independent molar compositions such as z 1 , z 2 , …, z nc-1 and the local flow velocity u. Between the initial condition at the downstream boundary and the injection condition at the upstream boundary, there is an infinite number of possible intermediate states, each of which propagates downstream at specific velocity. Possible solution paths can be mapped in composition space from the initial composition to the injection composition.
A complete solution path may consist of multiple continuous or discontinuous solution segments that satisfy material balance in differential or integral form separately. The segments along the solution path are subjected to the velocity rule that requires the characteristic wave velocity increase monotonically from upstream to downstream 25 .
For portions of the solution in which compositions vary continuously, the differential material balances can be converted to an eigenvalue problem in the form of
( 1 1 ) where
The eigenvalue, λ, represents the characteristic wave velocity of the state along continuous solution paths, measured by variable η. A state is fully described by the dependent variables. The corresponding eigenvector indicates the direction of the continuous solution path in the composition space at the location indicated by the current state.
Dindoruk 17 introduced a procedure where the local flow velocity can be separated from the rest of the dependent variables. The eigenvalue problem is split into two subproblems, one for the unknown variables z i , i = 1, n c -1, the other for the unknown local flow velocity u. Application of a similar procedure yields
where
where the subscripts i and j vary from 1 to n c -1.
The first subproblem is of dimension n c -1 by n c -1,
The subproblem yields the normalized eigenvalue, λ * , and its corresponding eigenvector, e , as solution to the eigenvalue problem. Substitution of the normalized eigenvalue and corresponding eigenvector to the second sub-problem, [ ]
yields the local flow velocity, u.
If a continuous solution violates the velocity rule, a shock must form. Shock solutions are discontinuous and must satisfy a material balance in integrated form. This is a RankineHugoniot condition,
where Λ is the shock velocity. The superscripts "u" and "d" denote variables upstream and downstream of the shock.
Besides the material balances in integral form, the shock solutions must also satisfy an entropy condition. It states that a shock must remain stable given a finite-sized perturbation. In addition, the solution must satisfy a continuity condition, that is, a small variation in the initial or injection condition must result in only small changes in the solution. The entropy and continuity conditions are used to eliminate nonphysical solutions.
Solution construction
Construction of the analytical solution for ECBM with gas injection varies for systems with different numbers of components. In this section, we illustrate the solution construction procedure for systems with up to three components, CH 4 , CO 2 , and N 2 .
Binary-Component Mixture Flow
Consider first the continuous solution. The composition space is the binary axis, because only one of the molar compositions varies independently. The problem for the normalized eigenvalue and the corresponding eigenvector is of first order, and yields
Substitution of the normalized eigenvalue and eigenvector to the local flow velocity problem yields
In a continuous solution, the composition varies continuously along the binary axis from the injection gas composition to the initial composition. At each intermediate state, the molar composition is associated with a normalized eigenvalue and local flow velocity. The product of these two is the characteristic wave velocity. If the wave velocity increases monotonically as the solution path is traced from the injection condition upstream to the initial condition downstream, then the velocity rule is satisfied. The solution is a continuous variation from the injection composition to the initial composition.
On the other hand, if the continuous solution violates the velocity rule, a shock solution is needed, which can be obtained by solving
The molar compositions at the upstream and downstream sides of the shock are both known. The injection gas flow rate is a given constant. The only unknowns are the local flow velocity on downstream side of the shock u d and the shock velocity Λ.
We use the CH 4 -CO 2 system to demonstrate the solution construction procedure. Fig. 1 illustrates the continuous solution. As we vary the composition in the direction of decreasing CO 2 concentration (increasing CH 4 ), both the normalized eigenvalue and local flow velocity decrease. Therefore, if a binary mixture with high CO 2 content is injected at a unit rate into a coalbed initially saturated with a binary mixture rich in CH 4 , the wave velocity decreases as CH 4 concentration increases. This variation violates the velocity rule. A shock solution must be constructed instead as indicated by Eq. 29.
Similar analysis can be applied to CH 4 -N 2 and CO 2 -N 2 systems. It indicates that a shock solution occurs when a gas rich in a component with higher affinity for coal is injected to displace a coalbed gas that is rich in a component that adsorbs less strongly. Continuous solutions result during injection of gas rich in a weakly adsorbing component, N 2 displacing CO 2 , for example.
Ternary-Component Mixture Flow
Consider a mixture of CH 4 , CO 2 , and N 2 as an example for systems with three components. The composition space is described by a ternary diagram that represents the molar compositions. In order to construct a continuous solution, the 2 by 2 sub-matrices that determine the normalized eigenvalues have elements 
At each point in the ternary composition space, there will be two normalized eigenvalues, which can be found as the two roots of 
There are two sets of paths, each corresponding to one of the two normalized eigenvalues and its corresponding eigenvector. The two sets of paths form a mesh-like pattern, as illustrated in Fig. 2 . To calculate a composition path, we pick a starting point in the ternary composition space randomly, and give it a local flow velocity. At the start point, the eigenvalue problem yields two normalized eigenvalues with different magnitudes, each with its own eigenvector. Following the direction indicated by the eigenvector corresponding to the larger eigenvalue, we take small steps towards the region with higher CH 4 composition. The process is repeated to map out a path. The path is sloped upward to the right (see Fig. 2 ), and the wave velocity increases monotonically as the path is traced towards the CH 4 -rich region, as Fig. 3 shows. Similarly, following a path that slopes upward to the left, given by the eigenvector corresponding to the smaller eigenvalue, the wave velocity decreases as the path is traced towards the region with higher CH 4 content (Fig. 3) . We refer to the paths sloping upward to the left "slow paths", and those sloping upward to the right "fast paths". Now, consider solutions for CBM processes where the initial gases are richer in CH 4 than the injected gases. Given initial and injection gas compositions, and a fixed injection rate, the displacement is solved by finding a solution path, consisting of either continuous segments or shock segments, that connects the injection and initial gas compositions in the ternary composition space. Each intermediate state along the solution path represents an intermediate molar composition associated with a normalized eigenvalue and local flow velocity. The product of the two is the wave velocity at which the composition wave propagates downstream. Depending on the injected gas composition, the solutions can be classified into three types.
It is more likely that CO 2 -rich gases will be used to displace CH 4 -rich gases than the reverse. Fig. 4 shows the most commonly seen configuration of initial and injection compositions. We name this scenario Type I. Two sets of paths connect the initial composition, represented by point O in the ternary composition space, and injection composition, represented by point I. A continuous solution path connecting the injection and initial compositions, could follow the path I → A → O or path I → B → O. The path I → B → O requires a switch from a fast path to a slow path at point B as the composition path is traced from upstream to downstream. This switch violates the velocity rule. Hence, this path configuration is unphysical and must be excluded. On the other hand, following path IA with a switch to path AO requires a switch from a slower path upstream to a fast path downstream, which does not violate the velocity rule. However, as the slow path is traced from I to A, the wave velocity decreases in the downstream direction. This is a violation of the velocity rule, and hence this composition variation must be replaced by a shock solution. The shock solution satisfies the material balances in an integral form, and does not necessarily follow the path for a continuous solution, 
All the variables at the upstream side of the shock are known. The molar composition and local flow velocity can be obtained from the Rankine-Hugoniot condition, Eq. 42. The shock landing point is fully determined and must lie on the fast path through the initial composition at point C. Therefore, the final solution consists of a shock between I and C and a constant state at C where there is a switch to the continuous solution path CO, Fig. 4 .
As the injection composition is moved closer to the fast path through the initial composition, the upstream shock segment becomes shorter. In the limit when the injection composition falls on the fast path through O, the upstream shock segment disappears. The solution is a continuous wave between the initial and injection compositions. On the other hand, when the injection composition moves towards the CO 2 vertex, the shock landing point C moves closer to the initial composition O, with a shorter downstream continuous wave segment. The limiting case takes place when point C and O overlap, resulting in complete disappearance of the downstream continuous wave. The solution is a single shock between the initial and injection compositions.
The second type of solution (Type II) occurs when the injection composition moves to the left of the fast path through the initial composition, as shown in Fig. 5 . Similar analysis using the velocity rule indicates that the solution must be composed of an upstream continuous wave along the slow path from injection composition I to point A, where there is a switch to the fast path and a continuous variation from A to initial composition O.
The third type of solution (Type III) occurs when the shock landing point C goes beyond point O, as Fig. 6 shows. Tracing a path from C back to O violates the velocity rule, and hence a shock is required between C and O. The shock solution does not necessarily occur along paths for continuous solutions. Therefore, a shock point C must be found such that shocks CO and CI both satisfy the RankineHugoniot condition.
1D Finite-Difference Simulation
A one-dimensional finite-difference scheme was used to simulate the ECBM process by gas injection and to confirm the analytical solutions. With single-point upstream weighting, the finite-difference form of the material balance equation is
At each time step, a calculation similar to multiphase equilibrium calculation was performed. Given an overall molar composition in a cell, the components were distributed between the pore space as free gas and coalbed as adsorbed gas with the equilibrium compositions determined by the extended Langmuir isotherm for adsorption.
Example Solutions
The analytical solution procedure was applied to study injection of N 2 /CO 2 mixtures into coalbeds. The thermodynamic properties of these components are summarized in Table 1 . The adsorption properties of N 2 are estimated, but follow from Reference 12. The pressure is 1600 psi, and temperature 160 °F. The initial gas composition is fixed as 96% CH 4 , 3% CO 2 and 1% N 2 , and the injection gases are binary mixtures composed of CO 2 and N 2 . Five injection compositions were considered containing 0%, 25%, 50%, 75% and 100% mole fraction of CO 2 , with the remainder being N 2 . These compositions yield analytical solutions of the three different types. For each of these sample cases, a 1D finite-difference simulation was run to confirm the analytical solutions. The number of grid blocks was 5000, and the Courant number (∆ t / ∆ x) was fixed at 0.1.
A Type II solution results when the injection gas consists of pure N 2 , as Fig. 7 shows. The solution includes an upstream continuous variation from the injection gas composition to the path switch point A, and a downstream continuous wave along the fast path from A to the initial composition O. The analytical solution profiles are compared with those obtained from finite-difference simulation. Excellent agreement between the two solutions is observed with only small difference due to numerical dispersion in the finite-difference solution. Similar level of agreement between the analytical and numerical solutions was obtained for the remaining examples. At the producing end, the CH 4 concentration starts to decline after about 0.91 pore volume (PV) has been injected. This coincides with the arrival of the leading front. When the end of the upstream segment of continuous waves arrives at about 2.08 PV injected, the CH 4 originally in place is completely recovered.
A Type I solution occurs when the injection gas consists of 75% N 2 and 25% CO 2 , as shown in Fig. 7 . An upstream shock occurs along the CO 2 -N 2 axis and ends at point A. At point A, a constant state exists. The solution then switches to the fast path and follows a continuous variation to the initial composition O. Due to the strongest affinity of CO 2 for the coal surfaces among the three components, most of the variation in the composition of CO 2 occurs at the upstream edge of the variation zone where CO 2 adsorbs strongly and sweeps out both N 2 and CH 4 , forming a trailing step change. At the downstream end, the interaction of N 2 and CH 4 adsorption/desorption is evidenced by a continuous variation because the injection gas has a higher concentration of N 2 that adsorbs less strongly than CH 4 , a major component of the initial gas. A bank of N 2 forms between the leading continuous variation and trailing step change. At the producing end, the CH 4 concentration starts to decline after 0.99 PV has been injected. After 1.90 PV has been injected, the CH 4 originally in place is recovered completely.
The solution structure remains rather similar for the next two examples as the injection gas consists 50% N 2 and 50% CO 2 , and 25% N 2 and 75% CO 2 , except that when 50% N 2 and 50% CO 2 is used as injection gas, the trailing shock occurs along the N 2 -CO 2 axis, whereas the trailing shock goes to the interior of the ternary composition space for the later case. For the purpose of comparison, the solution profile of the later case is presented in Fig. 10 . It can be seen that with 25% N 2 and 75% CO 2 in the injection gas, the leading front is slower and the trailing shock becomes faster, resulting in a more compressed solution profile. A general observation is that for Type I solutions, as the CO 2 fraction in the injection gas increases, the trailing shock is "stronger", i.e., spans greater difference in gas composition, and the leading continuous variation becomes "weaker". A stronger shock propagates faster, but has lower local flow velocity at downstream side. This is the result of volume change as CO 2 adsorbs. The loss of CO 2 volume is greater than the volume of the CH 4 released from the coalbed surfaces. Along a downstream continuous variation, the local flow velocity increases, but less strongly with a weaker continuous variation. Therefore, the wave velocity at the utmost downstream is a combined effect of the trailing shock and the leading continuous variation. As the CO 2 content in the injection gas increases, the trailing shock dominates and the leading continuous variation becomes less significant, resulting in a slower moving leading front and faster moving trailing shock, see Fig. 10 .
In the last example, an injection gas of pure CO 2 is used. The solution is of Type III, as shown in Fig. 11 . It consists of two discontinuous waves. Starting from the injection gas I 5 , the trailing shock occurs along the CH 4 -CO 2 axis, ending at point C. After a constant state at C, there is a downstream shock, and a jump to the initial composition O. The leading shock is relatively insignificant compared to the trailing shock. It arrives at the exit after 1.16 PV has been injected, followed by a short period of production of CH 4 -CO 2 binary mixture that has slightly higher CH 4 content than the initial gas. The CH 4 originally in place is completely recovered when the trailing shock arrives at 1.42 PV.
The arrival times of the leading front and trailing shocks for the example solutions are summarized in Table 2 . The recovery curves of CH 4 are shown in Fig. 12 . Fig. 12 shows that with increasing CO 2 content in the injection gas, the recovery rate of CH 4 is higher before break-through, the break-through occurs later, and the total recovery of CH 4 is achieved at an earlier time.
Since the gases are injected at a fixed volumetric rate, for a solution of Type II, the local flow velocity increases along the upstream continuous path and also the downstream continuous path, resulting in a high local flow velocity at the leading front. Hence, the recovery curve of the initial gas is steeper. This is consistent with current ECBM practice where N 2 is the injectant of choice because enhanced CH 4 production occurs sooner. By the time the leading front arrives at the producing end, and the CH 4 composition starts declining, most of the CH 4 originally in place has been recovered. The remaining CH 4 is produced as its concentration in the produced gas declines continuously. Hence, it takes an extended period to produce the remaining CH 4 and also requires separation of the CH 4 from the produced gas.
In a Type I solution, the local flow velocity shows a dramatic decline across the upstream shock. Although the flow velocity increases along the fast path towards downstream, the local flow velocity at the leading front is lower than it is in a Type II solution. Within this solution type, the higher CO 2 composition in the injection gas results in a stronger upstream shock, and weaker downstream continuous variation, a slower leading front, and a faster upstream shock. Therefore, if there is more CO 2 in the injection gas, the recovery of gas is initially slower, but the total recovery of the CH 4 originally in place occurs earlier. Separation of CH 4 from the produced gas is still required since the CH 4 composition keeps declining for an extended period until the upstream shock arrives.
When an injection gas very rich in CO 2 is used, a Type III solution occurs. The upstream shock spans a large difference of concentration. The downstream shock, on the other hand, is relatively insignificant, as can be seen from the sample solution on Fig. 7 . There is a fast moving upstream shock but low local flow velocity at the leading front, resulting in a lower production rate of the initial gas, compared to the Type I and Type II examples. The duration for initial gas production is longer, and it takes less time to recover the remaining CH 4 originally in place.
Conclusions
We describe an analytical theory of three-component flow for ECBM processes where adsorption and desorption of gas components on coal play important roles. The theory and examples presented lead to the following conclusions:
(1) In binary systems, shock solutions occur when a more strongly adsorbing gas mixture is injected. Continuous variation occurs when the injection gas is less strongly adsorbing than the initial gases.
(2) In ternary systems, the composition of injection gas has small effect on the amount of time to recover all CH 4 originally in place. However, injection gas composition has significant effect on the produced gas composition and the time to breakthrough of the injection gas. An injection gas rich in N 2 yields a greater initial recovery rate but earlier breakthrough. Thus, N 2 must be separated from produced gas for a substantial period of time. On the other hand, an injection gas rich in CO 2 yields recovery of CH 4 -rich gas for a greater period of time.
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